The extinction phenomenon of solutions for the homogeneous Dirichlet boundary value problem of the porous medium equation u t = Δu m + λ|u| p−1 u − βu,0 < m < 1, is studied. Sufficient conditions about the extinction and decay estimates of solutions are obtained by using L p -integral model estimate methods and two crucial lemmas on differential inequality.
Introduction and main results
This paper is devoted to the extinction and decay estimates for the porous medium equation
u(x,t) = 0, x ∈ ∂Ω, t > 0, (1.2)
with 0 < m < 1 and p,λ,β > 0, where Ω ⊂ R N (N > 2) is a bounded domain with smooth boundary. The phenomenon of extinction is an important property of solutions for many evolutionary equations which have been studied extensively by many researchers. Especially, there are also some papers concerning the extinction for the porous medium equation. For instance, in [1] [2] [3] , the authors studied the extinction and large-time behavior of solution of (1.1) for the case β = 0 and λ < 0; and in [4] , the authors obtained conditions for the extinction of solutions of (1.1) without absorption by using sub-and supersolution 2 Journal of Inequalities and Applications methods and an eigenfunction argument. But as far as we know, few works are concerned with the decay estimates of solutions for the porous medium equation.
The existence and uniqueness of nonnegative solution for problem (1.1)-(1.3) have been studied in [5, 6] . The purpose of the present paper is to establish sufficient conditions about the extinction and decay estimations of solutions for problem (1.1)-(1.3). For the proof of our result, we employ L p -integral model estimate methods and two crucial lemmas on differential inequality.
Our main results read as follows. 
and 
, t ∈ T 02 ,T 4 ,
and T 4 are given by (2.29), (2.34), (2.31), and (2.36), respectively.
To obtain the above results, we will use the following lemmas which are of crucial importance in the proofs of decay estimates. Lemma 1.3 [7] . Let y(t) ≥ 0 be a solution of the differential inequality
where C > 0 is a constant and k ∈ (0,1). Then one has the decay estimate
where
Lemma 1.4 [8] . Let 0 < k < p, and let y(t) ≥ 0 be a solution of the differential inequality
where C,γ > 0 and k ∈ (0,1). Then there exist α > β, B > 0, such that
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Proofs of theorems
In this section, we will give detailed proofs for our result. 
Since λ 1 is the first eigenvalue, then we have
3)
for any u ∈ W 1,2 0 (Ω). We further have
Therefore, we have 6) which implies that u(·,t) ∞ ≤ u 0 (·) ∞ . Multiplying (1.1) by u and integrating over Ω, we conclude that
We further have 
By the Hölder inequality, we have
The embedding theorem gives that
where C 0 is the embedding constant. By (2.14)-(2.16), we obtain the differential inequality
, by Lemma 1.3, we obtain
, t ∈ 0,T 1 ,
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We now turn to the case 0 < m < (N − 2)/(N + 2) with λ < λ * = (r + m) 2 λ/4rm < λ 1 . Multiplying (1.1) by u r (r = N(1 − m)/2 − 1) and integrating over Ω, we have
By the embedding theorem and the specific choice of r, we obtain
where , t ∈ 0,T 2 ,
where Furthermore, there exist T 01 , such that
holds for t ∈ [T 01 ,+∞). Therefore, (2.27) turns to
By Lemma 1.3, we can obtain the desire decay estimate for 
